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The mass operator M is introduced as an independent dynamical variable which is
taken as the translation generator P4 of the inhomogenous De Sitter group. The
classification of representations of the algebra P (1, 4) of this group is performed and
the corresponding P (1, 4) invariant equations for variable-mass particles are written
out. In this way we have succeeded, in particular, in uniting the “external” and
“internal” (SU2) symmetries in a non-trivial fashion.
The idea of variable mass has been considered by many authors in connection with
the mass-spectrum and unstable-particles problems (see e.g. refs. [1, 2]). Since for
the stable free particleM2
0
= P 2
0
−P 2, it is supposed that the square of variable-mass
operator (in the presence of interaction, of course) is defined by M2 ≡ P 20 − P
2.
In connection with the problems mentioned, the idea seems to be attractive to
consider the rest mass as a variable M , on the same footing with the three-momen-
tum P . It is natural to realize this idea in such a way that we define the mass
operator M as an independent dynamical variable P4 like the components of three-
momentum P . By this the correspondence principle with the fixed-rest-mass theory
demands the free operators of energy, three-momentum and variable mass to satisfy
the condition
P 2
0
= P 2 +M2 ≡ P 2 + P 2
4
(1)
in this case too. It is obvious that such a definition of the mass operator is more
general than the above and is non-trivial (see below) even in the case of absence of
interaction.
The presence of a dynamical variable M ≡ P4 in the p-representation in addition
to the three-momentum P makes it inevitable to introduce in the x-representation (in
quantum mechanics) an additional dynamical variable besides the three coordinates x.
It is natural to take for this the canonical conjugate ofM , which will be denoted below
as τ ≡ x4. It should be noted in this context that at least the corresponding principle
with the fixed-rest-mass theory (not to speak of deeper physical arguments) does
not allow to consider the time t ≡ x0 as a dynamical variable (e.g. as canonically
conjugated to P0) in the variable mass theory too. Further, if we do not want to violate
the conventional connection between the momentum and configuration spaces, the
variable-mass concept discussed here requires to study the group of transformations
which conserve the five-dimensional form x2 ≡ t2−x2− τ2 ≡ x2µ, µ = 0, 1, 2, 3, 4, i.e.,
1
the inhomogenous De Sitter group, the algebra of which we call P (1, 4), in analogy
to the algebra P (1, 3) of the Poincare´ group.
To write P (1, 4)-invariant equations for free particles with variable mass, we make
use of the classification of the irreducible representations of P (1, 4). Analogously to
the case of the algebra P (1, 3) (ref. [3]), we consider four classes of representations
which correspond to the values P 2 = κ2 > 0, P 2 = 0 and P 2 = −η2 < 0 of the
invariant
P 2 = P 2
0
− P 2 − P 2
4
≡ P 2µ , µ = 0, 1, 2, 3, 4. (2)
The algebra P (1, 4) which is determined by the generators Pµ andMµν has, besides
eq.(2), two other invariants:
V ≡ −
1
4
Mµνwµν , W ≡
1
2
w2µν , (3)
where
wµν ≡ −
1
2
εµναβγMαβPγ . (4)
For class I (when P 2 = κ2 > 0) , in the system P = P4 = 0, we have
Sˆ2 ≡ P−2
0
W + 2P−1
0
V = (M +R)2 = s(s+ 1)1ˆ, (5)
Iˆ2 ≡ P−2
0
W − 2P−1
0
V = (M −R)2 = I(I + 1)1ˆ, (6)
where s, I = 0, 1
2
, 1, . . . and
M ≡ (M23,M31,M12), R ≡ (M14,M24,M34). (7)
It follows from eqs.(5) and (6) that in the case I all the representations of P (1, 4)
are unitarity and finite-dimensional (with respect to s and I) and are labelled by two
numbers s and I. These symbols are naturally to be identified with spin and isospin
of the free particle with variable mass m, and, owing to p20 ≥ κ
2, one can understand
the parameter κ (which is the boundary value of energy) as a “bare rest mass” of this
particle.
The P (1, 4)-invariant (in the Foldy [4] sence) equation for the wave function ψ(x) ≡
ψ(t,x, x4) of such a particle (and antiparticle) with arbitrary s and I has the form(
β
√
P
2 + P 2
4
+ x2 − i
∂
∂t
)
ψs3I3(t,x, x4) = 0, β =
(
1ˆ 0
0 −1ˆ
)
, (8)
where −s ≤ s3 ≤ s, −I ≤ I3 ≤ I.
Thus, the variable-mass concept discussed has made it possible to unite non-
trivially the “external” (P (1, 3)) and “internal” (SU2) symmetries which was not
successfully done by the conventional approach to the variable mass [2].
For the class II (when P 2 = 0), in the system P1 = P2 = P4 = 0 we have
P−1
3
V = −MP ′, P−2
3
W = P ′2, (9)
where P ′i ≡M0i +Mi4P0P
−1
4
, i = 1, 2, 3.
The generators P ′ and M are those of the algebra P (3) which are evoked by
the group of translations and rotations in 3-dimentional Euclidean space. Since the
2
spectrum ofW is continuous in this case, its values are, obviously, difficult to interpret
physically in an acceptable fashion. If we put W = 0 when V = 0 ven if M 6= 0; an
additional invariant
W ′ ≡M 2 = s(s+ 1)1ˆ (10)
appears, so that in this case all the representations are unitary and finite dimensional
and are labelled by the spin s = 0, 1
2
, 1, . . ..
The P (1, 4)-invariant equation for the wave function of the particle (and antipar-
ticle) with variable mass m and arbitrary spin s has the form(
β
√
P
2 + P 2
4
− i
∂
∂t
)
ψs3(t,x, x4) = 0. (11)
For the class III (when P 2 = −η2 < 0), in the system P0 = P = 0 we have
V = ±ηMN , W = η2(N2 −M2), (12)
where N ≡ (M01,M02,M03). The generators M and N are those of the algebra
O(1, 3) of the homogenous Lorentz group and V , W given in (12) are its invariants.
Therefore, according to ref. [5], in this case all the unitary irreducible representation
of P (1, 4) are infinite dimensional and are labelled by the numbers η, l0 and l1, where
η is arbitrary real, −1 ≤ l1 ≤ 1 if l0 = 0 and l1 is imaginary of l0 =
1
2
, 1, . . ..
In this case the P (1, 4)-invariant equation for the wave function has the form(
β
√
P
2 + P 2
4
− η2 − i
∂
∂t
)
ψl0l1ll3 (t,x, x4) = 0, (13)
where l−l0 = 0, 1, 2, . . ., −l ≤ l3 ≤ l. We have got in this way, the infinite-dimensional
equation for the wave function. The physical sence of the numbers η, l0, l1, l3 is not
as clear as in the former cases.
Note, by the way, that recently the infinite-dimensional equations have been inten-
sively discussed [6] (though the physical arguments underlying them are still rather
poor). Following the authors [6], one can try to find some physical sense for the
numbers η, l0, l1, l3. However, it seems that the cases I and II can more directly be
related to the problems of mass spectrum and unstable systems than the case III.
For the sake of completeness we mention that in the case IV when P0 = P = P4 =
0, we have V =W = 0. The generatorsMµν remained are those of the algebra O(1, 4)
of the homogenous De Sitter group, all representations of which are well known (see
e.g. ref. [7]) and the corresponding equations are written out in ref. [8].
Here we have written down the P (1, 4)-invariant equations for variable mass free
particles, more exactly, for elementary systems with respect to P (1, 4) (but, of course,
non-elementary with respect to P (1, 3)). The construction of the quantum field theory
on the basis of these equations and the introduction of interaction, in the framework of
the Lagrange formalism, are performed by total analogy with the conventional theory.
However, as a first step to the problems of mass spectrum and unstable systems it is
expedient to introduce some interactions in the quantum mechanical equations and
to study the corresponding models which is the subject of the next publications.
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